INTRODUCTION
There are two equivalent ways of defining multi-dimensional generalizations of the classical uniform convexity. The first of them was found by w x Sullivan 25 who introduced the notion of k-uniform rotundity. The w x second one originates in the survey 20 by Milman. Continuing his work, w x Geremia and Sullivan 12 considered the class of k-uniformly convex w x Banach spaces. Lin 17 proved that these two approaches are equivalent. w x In 12 the authors tried also to find a characterization of the property dual to 2-uniform rotundity. This led them to the definition of a 2-uniformly flattened space. Their definition is however not correct. Furthermore if one states it in a correct way it will give just a vacuous condition.
In this paper we find a characterization of the property dual to k-uniform convexity. We call it k-uniform smoothness. We show that a slight w x modification of a modulus defined by Milman in 20 can be seen as a modulus of k-uniform smoothness.
It is well known that uniformly convex and uniformly smooth spaces Ž w x . have uniformly normal structure see 5, 15, 22 . k-uniformly convex Ž w x. spaces also share this property see 2 . Consequently all such spaces have Ž w x. the fixed point property for nonexpansive mappings see 16 . Another application of the uniformly normal structure in the fixed point theory can w x Ž w x. be found in 6 see also 8 . w x In contrast Smith and Turett 24 showed that even 2-uniform smoothness does not guarantee normal structure. Nevertheless k-uniformly smooth spaces have the fixed point property. This follows from a recent w x result of Garcıa Falset 11 .
NOTATION AND PRELIMINARIES
In this paper we shall consider only real Banach spaces. Let X be such Ž . Ž . a space. By B X and S X we denote its closed unit ball and unit sphere, respectively. We shall use various k-dimensional moduli of Banach spaces. Their definitions make sense only if the dimension of a considered space exceeds k. Every time we deal with such a modulus we tacitly make an appropriate assumption concerning the dimension of the space. w x Let x , . . . , x be elements of a Banach space X. Following 23 , we 0 k define the k-dimensional volume enclosed by points x , . . . , x by the 
To be sure that this definition makes sense we restrict our attention to w x Ž1.
⑀g 0, 1 . Clearly ␦ coincides with the classical modulus of convexity.
. In 4 it was proved that k-UR implies superreflexivity w x and normal structure. Amir 2 showed that k-uniformly rotound spaces have actually uniformly normal structure. w x Let us now recall a definition from 20 . We fix a natural number k and consider a Banach space X with dim X ) k. Let E E be the family of all k k-dimensional subspaces of X. We put 
is nonnegative. It is also easy to see that 1rt ␤ t is a nondecreas-
ing function of t ) 0. 
Banas 3 proved that a space X is uniformly smooth if and only if X iś 1-US.
MAIN RESULTS

w x
In 12 Geremia and Sullivan suggest that the property dual to 2-UR means that the unit sphere does not contain a three-dimensional corner. A simple example shows that this is a misleading idea. the corresponding norm. Our example X is the space ‫ޒ‬ 3 with the norm given by the formula
Let us suppose that this space is not 2-UR. Then its unit sphere contains a Ž . triangle of positive area. Therefore S X contains also a nontrivial seg-Ž . Ž . ment with endpoints of the form u s x , y , z , u s x , y , z . We set
5 5 Ž . a s¨, where¨s x , y for i s 1, 2. Suppose that¨s ¨for some
positive scalar . We can assume that -1. It is easy to see that
This contradiction shows that¨/ ¨for any ) 0. Let us now observe 1 2 5 5 that the norm и is strictly convex. Hence But this shows that
Ž .
We therefore see that the space X is 2-UR.
5
The norm dual to и is given by the formula Ž . Ž . 5 5 Ž . g u s g¨s g s 1 which shows that the sphere S X* has a threedimensional corner.
THEOREM 1. If a Banach space X is k-US for some k
Proof. Let us assume that a Banach space X is k-US but not superw x Ž . reflexive. Then by James' result 14 for every g 0, 1 there exist ele-Ž .
U U Ž . ments x , . . . , x g B X and functionals x , . . . , x g B X* such
y s y1 , where s s 0, 1. It shows in particular that 
Žk. Ž . Passing to the limit with tending to 1, we finally see that ␤ t G tr4k.
X
This contradicts the assumption.
Now we can prove our main result.
THEOREM 2. Let k be a natural number. A Banach space X is k-UC
Proof. In view of Theorem 1 it suffices to prove only one equivalence. Let us assume that a space X is not k-UC. Consequently there exists Ž . Žk. Ž . ⑀ g 0, 1 for which ⌬ ⑀ s 0. X Ž . Let us take an arbitrary t g 0, 1r⑀ . We shall prove that
Ž . Ž w x. Let y , . . . , y g S E be an Auerbach system in E see 19 . Then
for any scalars ␣ , . . . , ␣ . In particular
for any i s 1, . . . , k. 5 5 As the first step we claim that if y g E, y G 1, then
Ž . for every g ‫.ޒ‬ Clearly it suffices to prove inequality 5 for y g S E .
Having such y and an arbitrary number , we see that
Estimate 5 is an easy consequence of these inequalities.
Ž . Ž .
From 3 and 5 it follows that
Ž . for any i s 1, . . . , k. This gives us estimate 4 .
Ž . Now we pass to the dual space. Namely using 4 , we can find functionals
such that u u G a and u u s 0 for any i s 
Ž .
Ž . Consider a functional x* g S X* such that x* x s 1. We have
where s y1, 1. Hence 
This implies estimate 2 which shows that the space X is not k-US.
In order to prove the converse implication let us assume that a space X is k-UC but its dual space is not k-US. Then there exists a constant c ) 0
such that ␤ t ) c t for every t ) 0. Let us put c s min , c . We
Ž . Let us fix a positive number t -cr 1 y c . There is a functional
for every y g S V . Notice that x f V. Otherwise, putting y s yx , ÄÄ U 4 4 Ž . we get a contradiction. Hence W s span x j V is a k q 1 -dimensional subspace of X U . By our assumption the space X is reflexive. Therefore we can find an Ž . U Ž . 
Ž . S X such that
Let us also observe that F u s t. Applying these inequalities we get Ž .
Ž . Ž . From 11 we deduce that F 2 t. Therefore the last inequality yields 10 .
Ž . Now we choose by induction elements x , . . . , x g S X and function-
for n s 0, . . . , k. Let us set x s x and z U s x U . Next, having x , . . . ,
Ž . There are elements u , u g S X such that
Ž . that for at least one of the values of i we have
We put x s u . It is easy to see that 1 y 2 y cr2 t F z x and n i 0 n < U Ž .< cr4 F z x . This completes our induction procedure.
n n 
Ž .
1 n n 1 n ª ϱ n ª ϱ Ž . In case x s 0 we take an element y g S X . We can assume that the 1 5Ž . i 5 limits a s lim y1 y q x exist, where i s 0, 1. Then
Ž . This shows that R X F R X . The opposite inequality is obvious. 1 THEOREM 3. Let X be a Banach space and k be a natural number. Then
½ 5
t r 2 k q 1
Ž .
Proof. Let X be a Banach space. Clearly we can restrict our attention Ž . Ž . to the case when R X ) 1. Let ␥ g 0, 1 be a number such that Ž .
Ž . R X y 2␥ ) 1. By Remark 1 there is a weakly null sequence x in n Ž .
Ž . 5 5 Ž . B X with x g S X for which lim inf x q x ) R X y ␥. We 1 nªϱ 1 n 5 5 Ž . can assume that x q x ) R X y ␥ for every n ) 1. Let us notice 1 n 5 5 that this gives us an estimate x ) ␥. For each n ) 1 we find a
Ž . Passing to a subsequence, we can also assume that x is a basic sequence n Ž w x. < U Ž .< Let us take an arbitrary positive number t. We consider the vectors 1 Ž . ys x yx , where j s 1, . . . , k. They are linearly independent.
We can therefore find a norm-one element y s Ý kq 1 ␣ y , where ␣ , . . . , x qty y 1 -␤ t q ␥ .
1 X 1 Ž . < < Since the basic constant of x is less than 1 q ␥ , we obtain ␣ ␥ - Passing to the limit with ␥ tending to 0, we see that
This gives us the desired estimate.
Ž k . Ž . Ž . Theorem 3 shows that if ␤ t -tr2 k for some t ) 0, then R X -2. for some k g ‫ގ‬ and t ) 0, then X has the fixed point property.
